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Abstract
Let M be a compact manifold with dimM  2. We prove that some iteration of the generic homeomorphism on M is semicon-
jugated to the shift map and has infinite topological entropy (Theorem 1.1).
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1. Introduction
Quite a lot is known about dynamics of generic homeomorphisms (see [1,3,4,6–10]). The goal of this work is to
generalize some results from [1] (for more details see the comments after Theorem 1.1).
Let (M,d) denote a compact metric space and let f :M → M be a homeomorphism (a discrete dynamical system
on M). Let H(M) be the set of all homeomorphisms of M onto itself with the complete metric
ρ(f,g) = max
{
max
x∈M d
(
f (x), g(x)
)
, max
x∈M d
(
f−1(x), g−1(x)
)}
,
which generates the C0 topology.
Let Pern(f ), supp(f ) and diam(A) denote, respectively, the set of periodic points of f of period n, the support
of f , i.e., the closure of the set {x | f (x) = x} and diameter of a subset A ⊂ M .
Let ωf (x) denote the omega-limit set of a point x ∈ M under f , i.e., the set {y | ∃nk↑∞: y = limk→∞ f nk (x)}.
Let Σn = {0, . . . , n− 1}Z and σ :Σn → Σn be the shift map (on n symbols), i.e., σ(x¯)i = xi+1 (for x¯ = (xi)i∈Z).
A system f is said to be semiconjugated to (Σn,σ ) if there exist a closed, f -invariant subset Λ ⊂ M and a
continuous surjection p :Λ → Σn such that p ◦ f = σ ◦ p and p(Λ∩ Pern(f )) = Pern(σ ) for all n ∈ N .
It is known [2] that if f k is semiconjugated to the shift map on n symbols, then the following inequality holds for
the topological entropy of f
E(f ) log(n)/k. (1)
The goal of this paper is to prove the following theorem:
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(a) For every n ∈ N the set of homeomorphisms whose some iteration is semiconjugated to (Σn,σ ) contains an open
and dense subset of H(M);
(b) The set of homeomorphisms whose some iteration has the property that for every period there exists a point of
this period contains an open and dense subset of H(M);
(c) For all N ∈ N the set of homeomorphisms which have the topological entropy at least equals to N contains an
open and dense subset of H(M). In particular, the generic homeomorphism has infinite topological entropy.
Theorem 1.1 is a generalization of some results in [1]. Firstly, in [1] there is considered a weaker definition of
semiconjugation (without the condition about the periodic points) and formally only for two symbols (Section 5.2 and
Proposition 5.2 in [1]). Let us see now Proposition 5.4 in [1]. If we consider the case H =H(X) then the assumption of
this proposition holds only for any compact 3-dimensional manifolds and 2-dimensional compact manifolds without
boundary (see Definitions 4.1, 4.4 and Proposition 4.6 in [1]). And in this case we obtain (a) of Theorem 1.1 for n = 2.
The idea of the proof of (c) is given in some comments after the proof of Proposition 5.4 in [1], but in our opinion
it is very difficult write formally the proof using this method. Summing up, using a different method (the covering
relations) we prove that stronger properties hold for wilder class of manifolds.
Now we recall a simpler version of covering relation [11] (for the most general version see also [11]).
We will consider the maximum norm on Rm, i.e., ‖x‖ = maxi∈{1,...,m} |xi | for all x = (x1, . . . , xm) ∈ Rm, which
yields Dn = (D1)n for any k,n ∈ {0, . . . , n}, a cube instead a ball. Let Dnr (a) = {x ∈ Rn | ‖x − a‖ r}, Dn = Dn1 (0)
and Dnr = Dnr (0).
The object N = (|N |,Nl,Nr) is called h-set in Rn if |N | = [a, b] × Dn−1r , Nl = (−∞, a] × Rn−1 and Nr =[b,∞)× Rn−1 for some a, b ∈ R. Let Nle = |N | ∩Nl and Nre = |N | ∩Nr .
Let N,M be h-sets and a map f : |N | → Rn be continuous. We say that N f -covers M (we will write N f⇒ M) if
the following properties are satisfied:
(1) f (|N |) ⊂ intM ∪Ml ∪Mr ;
(2) either f (Nle) ⊂ intMl and f (Nre) ⊂ intMr or f (Nle) ⊂ intMr and f (Nre) ⊂ intMl .
Then the following theorem holds.
Theorem 1.2. If N0 f1⇒ N1 f2⇒ ·· · fk⇒ Nk, then there exists an x ∈ IntN0 such that
fi ◦ fi−1 ◦ · · · ◦ f1(x) ∈ IntNi, i ∈ {1, . . . , k}.
Moreover, if N0 = Nk then fk ◦ fk−1 ◦ · · · ◦ f1(x) = x.
Theorem 1.2 is a simply version of Theorem 4 in [11].
We will use this theorem in the proof of Theorem 1.1. In particular, it will be useful in proving of existence of
periodic points.
2. Proof of Theorem 1.1
In this section we present the proof of Theorem 1.1.
Firstly, let us recall some obvious facts.
It is easy to see that for n ∈ N and f,χ1, . . . , χn ∈H(X), if for every i ∈ {1, . . . , n}
max
{
diam suppχi,diamf (suppχi),diamf−1(suppχi)
}
< ε
and suppχi ∩ suppχj = ∅ for i = j, then
ρ(f,χn ◦ · · · ◦ χ1 ◦ f ) < ε and ρ(f,f ◦ χ1 ◦ · · · ◦ χn) < ε. (2)
Moreover
ρ(f,χ1 ◦ f ◦ χ2) < 2ε (3)
holds without any assumption about the supports of χ1 and χ2.
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distinguish between H = i(Dn) and Dn, which does not lead to any confusion.
Now we have two lemmas.
Lemma 2.1. Let f :M → M be a homeomorphism on an n-dimensional manifold M with n 2. Let r ∈ (0,1), and
let N ′,H,G be cubes in M such that N ′ ⊂ IntH , f (N ′) ⊂ IntG. Let D = Dn−1s (w) be a ball such that prn−1f (N ′) ⊂
D ⊂ IntDn−1.
Then there exist an r ′ ∈ (0,1) and a cube N ⊂ N ′ such that pr1N = pr1N ′ and for every ε > 0 such that Dn−1s+ε (w) ⊂
Dn−1 there exists a homeomorphism χ :M → M such that suppχ ⊂ IntG, prn−1 suppχ ⊂ IntDn−1s+ε (w), and N χ◦f⇒
[−r, r] ×Dn−1
r ′ ⊂ G.
Proof. For completness of this paper we repeat our proof of Lemma 2.1 from [5].
Without loss of generality, we can assume that H = G = Dn and N ′ = [a, b] ×Dn−1α (z).
Let L = [a, b] × {z}. Then f (L) is a curve contained in IntG. Let a′ = f ((a, z)) and b′ = f ((b, z)).
Then there exists p > 0 such that the balls
Da = Dnp(a′) and Db = Dnp(b′)
are disjoint and contained in IntG, and if pr1(a′) = pr1(b′), then pr1(Da)∩ pr1(Db) = ∅.
There exists 0 < β  α with the following properties:
f
({a} ×Dn−1β (z))⊂ Da and f ({b} ×Dn−1β (z))⊂ Db.
Let N = [a, b] ×Dn−1β (z) ⊂ N ′.
Choose ε > 0 such that Dn−1s+ε (w) ⊂ Dn−1. It is sufficient to prove existence of homeomorphism χ such that
prn−1 suppχ ⊂ IntDn−1s+ε (w) and
pr1
(
χ(Da)
)⊂ (−1, r) and pr1(χ(Db))⊂ (r,1)
or
pr1
(
χ(Db)
)⊂ (−1, r) and pr1(χ(Da))⊂ (r,1).
We have to consider two cases: pr1(a′) = pr1(b′) or pr1(a′) = pr1(b′). Firstly, let consider the case pr1(a′) =
pr1(b′).
Then without loss of generality, we can assume that pr1(a′) < pr1(b′), D = Dn−11/4 , ε > 1/4. Let denote C = Dn−11/2 .
There exists a homeomorphism h : [−1,1] → [−1,1] such that
h
(
pr1(Da)
)⊂ (−1,−r) and h(pr1(Db))⊂ (r,1)
and
h|[−1,−1+δ] = id and h|[1−δ,1] = id,
for some δ > 0.
Note that for x ∈ C\D, there exist a unique k ∈ [1,2] and a unique x¯ ∈ D with ‖x¯‖ = 14 such that x = kx¯.
Define χ˜ :Dn → Dn with the formula
χ˜(x) =
{
(h(x1), x2, . . . , xn) for x ∈ [−1,1] ×D,
((2 − kx)h(x1)+ (kx − 1)x1, x2, . . . , xn) for x ∈ [−1,1] ×C\D,
(x1, . . . , xn) for x /∈ [−1,1] ×C,
where x = (x1, . . . , xn) and kx comes from the previous remark for (x2, . . . , xn). It is easy to see that χ˜ is a continuous
injection and surjection, and so it is a homeomorphism. Let us also see that prn−1 supp χ˜ = C ⊂ IntDn−11/4+ε and
suppχ ⊂ IntG.
Finally, we can define a homeomorphism χ :M → M by the formula
χ(x) =
{
χ˜ (x) for x ∈ G,
x for x ∈ M\G.
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Da to the left, whereas the second pushes Db to the right.
This finishes the proof of Lemma 2.1. 
Lemma 2.2. Let M be an n-dimensional manifold with n  2 and let G be a cube. Then for every 0 < r < r ′ < 1,
there exists a homeomorphism Ψ :M → M satisfying following properties:
(a) suppΨ ⊂ IntG;
(b) for every f ∈H(M) and a cube N , if N f⇒ [−r, r] ×Dn−1
r ′ ⊂ G, then
N
Ψ ◦f⇒ [−r, r] ×Dn−1r ⊂ G.
Proof. For completness of this paper we repeat our proof of Lemma 2.2 from [5].
Define a homeomorphism Ψ by the formula
Ψ (x) =
{
(x1,ψ(x2, . . . , xn)) for x ∈ G,
x for x ∈ M\G,
where ψ :Dn−1 → Dn−1 is a homeomorphism such that suppψ ⊂ IntDn−1 and ψG(Dn−1r ′ ) = Dn−1r . Note that
pr1Ψ (x) = x1 implies (b).
This finishes the proof of Lemma 2.2. 
Proof of Theorem 1.1. Let Sn(M) denote the set of homeomorphisms of M whose some iteration is semiconjugated
to the shift map on n symbols.
Let Wn(M) be the set of homeomorphisms for which there exist k ∈ N and mutually disjoint cubes N01, . . . ,N0n,
N1, . . . ,Nk−1 contained in IntM such that
N0i
f⇒ N1 f⇒ ·· · f⇒ Nk−1 f⇒ N0i , (4)
for i = 1, . . . , n.
Then Wn(M) ⊂ Sn(M) and for every f ∈ Wn(M), there exists k ∈ N such that f k has periodic points of any period.
Indeed, choose f ∈ Wn(M) and take k ∈ N for which (4) holds. Define Λ ⊂ M and p :Λ → Σn by the following
formulas
Λ =
{
x ∈
n⋃
i=1
N0i
∣∣∣ ∀i ∈ Z ∀l ∈ {1, . . . , k − 1}, f ki+l (x) ∈ Nl
}
, (5)
p(x)i = m iff f ki(x) ∈ N0m. (6)
The set Λ is closed and the map p is continuous because the cubes N01, . . . ,N0n,N1, . . . ,Nk−1 are closed and f is
continuous. By Theorem 1.2, the map p is surjective and p(Λ∩ Pert (f k)) = Pert (σ ) for all t ∈ N, which implies (b).
The f k-invariance of Λ and the condition p ◦ f k = σ ◦ p follow from (5) and (6).
Therefore to prove (a) and (b) of Theorem 1.1 it is sufficient to show that for any n ∈ N the set Wn(M) is open and
dense in H(M).
Let fix n ∈ N.
By the definition of covering relations, the set Wn(M) is open. Now we will prove its density. Let fix f ∈H(M)
and ε > 0.
By Zorn’s Lemma it follows that there exists x ∈ M such that x ∈ ωf (x) and hence we have an increasing sequence
of natural numbers (nk)∞k=1 such that f nk (x) → x for k → ∞.
By the above, there exist k ∈ N and mutually disjoint cubes H1, . . . ,Hk−1,Hk = H1 such that
Intf (Hi)∩ IntHi+1 = ∅ (7)
for i = 1, . . . , k − 1, and
max
{
diamHi,diamf (Hi),diamf−1(Hi)
}
< ε/2 (8)
for any i = 1, . . . , k − 1.
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IntH0 and N ′i ⊂ IntHi for i = 1, . . . , k − 1, f (N ′0i ) ⊂ IntH1, f (N ′i ) ⊂ IntHi+1 and f (N ′k−1) ⊂ IntH0. We can also
have the cubes N ′0i in the form N ′0i = [ai, bi] ×Di , where bi < ai+1 for i = 0, . . . , n− 1.
Now by Lemmas 2.1 and 2.2, (2), (3), and (8), we have g ∈H(M) such that ρ(f,g) < ε and the cubes N01, . . . ,N0n
which are contained in H0 such that N0i
g⇒ [−r, r] × Dn−1r ⊂ H1 for all i = 1, . . . , n, and the cubes Ni ⊂ Hi for
i = 1, . . . , k − 1 such that Ni g⇒ [−r, r] × Dn−1r ⊂ Hi+1 for i = 1, . . . , k − 2 and Nk−1 g⇒ [−r, r] × Dn−1r ⊂ H0.
Hence g ∈ Wn(M).
This finishes the proof of (a) and (b) of Theorem 1.1.
Now we will prove (c) of Theorem 1.1. Let fix N ∈ N.
Let WN(M) denote the set of those homeomorphisms from the set
⋃∞
n=1 Wn(M) whose entropy is equal at least N .
The set WN(M) contains an open and dense subset of H(M). The proof of this fact is almost the same as the proof
of density of the set Wn(M). The unique difference is that after choosing the sets H1, . . . ,Hk−1,Hk = H1 that satisfy
the conditions (7) and (8), we choose n such that log(n)/k N . Denote this dense subset by FN(M).
Then for any g ∈ FN(M), there exists an εg > 0 such that Uεg (g) ⊂ WN(M) (where Uε(g) is an open ball in
H(M)), because any h ∈ Uεg (g) belongs to Wn(M) for the same n and k as g, and hence using (1) we obtain that
E(h) log(n)/k N .
Finally the set
KN(M) =
⋃
g∈FN(M)
Uεg (g) ⊂ WN(M)
is open and dense in H(M).
We conclude now that the set
W∞(M) =
∞⋂
N=1
WN(M)
is a residual subset of H(M) and any h ∈ W∞(M) has infinite topological entropy.
This finishes the proof of Theorem 1.1. 
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